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Abstract: This monograph is associated with the renowned Hermite-Hadamard’s integral 
inequality of 2-variables on the co-ordinates. In this article we established several 
inequalities of the type of Hadamard’s for the mappings whose absolute values of second 
order partial derivatives are s — (a, m)-convex mappings. 


1. Introduction 


The role of inequalities involving convex functions is greeted from the very beginning 
and is now widely acknowledged as one of the prime dividing forces behind the evolu¬ 
tion of several modern areas of mathematics and has been given considerable attention. 
One of the well-nigh notable inequality for convex mappings is declared as Hermite- 
Hadamard(Hadamard) inequality. Define as 
Let a function f : I C K. —M is convex on I, induces 



( 1 . 1 ) 


for a,b G I, with a < b. 

This inequality gives us an estimate, from below and from above, of the average value of 
/ : [a, &] —>■ R for a,b G I, with a < b. 

Since 1893 when Hadamard showed his renowned inequality, many mathematicians have 
been working close to it, and generalizing and refining this inequality in many dissimilar 
ways and with a lot of applications. In this article, we are going to talked about some 
inequalities linked with Hermite-Hadamard’s on co-ordinates. 

Consider a bidimensional interval A =: [Z, m] x [p, g] in with I < m and p < q. A map 
/ ; A —> K is supposed to be convex on A when the coming inequality: 


f{au -I- (1 — a)v, aw -I- (1 — a)z) < af{u, w) -f (1 — a)f{v, z) 


agrees, V {u, w), {v,z) G A A a G [0,1]. A map / : A — )• R is supposed to be convex 
on the co-ordinates (A) when the partial mappings fy : [I, m] R, fy(C) = f{f, y) and 
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fx ■■ [p, q] R, fxiv) = /(a;, v) are convex, V a; G [/, m] A y G [p, q] (go through ||2|). 
A schematic explanation for co-ordinated convex functions might be posited as: 

Definition 1. A function / : A —>■ R supposed to ba a co-ordinated convex on A y a, /3 G 
[0,1] and {p,, v), ((/>, -0) G A, when the coming inequality agrees: 


f{ap -f (1 - a)v, /30 + (1 - /3)0) < 

al3f{p, 0) -f 0(1 - a)f{v, 0) + a(l - 0)/(At, 0) + (1 - a)(l - I3)f{v, 0). 

Clearly, all convex functions defined on R is also convex functions on co-ordinates 
R^. In spite of this, there are co-ordinated convex functions which are not convex in R 
121 . Likewise, in 121, S. Dragomir found the next inequality of Hadamards type for co¬ 
ordinated convex functions on a rectangular plane R^. See bibliography for various latest 
consequences referring Hermite-Hadamards inequality for convex function on co-ordinates 
R2. 


Theorem 1. Let a function / : A —> R A co-ordinated convex on A, induces 


a-\-b c-\- d\ ^ 1 


b — a 


f u, 


c-\- d 
2 

b nd 


du 


d — c, 


a-\-b 


,v ] dv 


< 


{b — a){d — 




< 


1 


1 


b-: 


f{u, c)du -\- 


b-: 


f{u,d)du 


-f 


d-< 


f{a, v)dv -\- 


d-< 


fib,v)dv 


< 


f{a, c) -f /(a, d) -G f{b, c) -G f{b, d) 


M. Z. Sarikaya et. al. in Q proved an identity as below and build few more Hermite- 
Hadamard’s type integral inequalities for co-ordinated convex functions on rectangular 
plane. 


Lemma 1. Let f : A C ^ be a partially differentiable function on A := [a, b] x 
[c, d\ in R^ with a < b A c < d. If ^ ^(^)> M € (0,1] then the following 
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equality agrees: 

f{a, c) + /(a, d) + f{b, c) + /(6, d) 


ph pd 

/ / f{x,y)dydx 

J a J c 


1 


6 -, 


(6 — a)[d — c) 

I [f{x,c) + f{x,d)]dx + -j^j^ [f{a,y) + f{b,y)]dy 


r r ^ (Aa+(1 - A)&,/ic+(l - y)d)dXdy (1.2) 

4 Jo Jo 

He demonstrate in this way: 


Theorem 2. Let / : A c 


be a partially differentiable function on A := 


[a, b] X [c, d] in with a < b A c < d. If 
f{a, c) + /(a, J) + f{b, c) + /(&, J) 


a"/ 


dtds 


is a convex function on A, induces 

>h nd 


+ 


1 


{b — a){d — c) 


po pa 

/ / f{x,y)dydx-A 

a c 


< 


(b — a){d — c) I 


dtds '^) + dtds 4" ata^ 


16 


(1.3) 


where 




j [f{x,c) + f{x,d)\dx + [f{a,y) + f[b,y)\dy 


Two more results were presented in same related to absolute value of (/‘^-derivative of 
a map is convex on co-ordinates on A. This paper is in the continuation of |2l, which 
provide more general and rehne results as presented in 121 . 

The arrangement of this article as:. After this introduction, in section |2] we specify a 
generalized convex functions and talked about few more inequalities for generalized co¬ 
ordinated convex functions linked with Hadamard’s inequality. 


2. PRINCIPAL Outcomes 

To obtain our major consequences, we hrst incur the dehnitions below. 

Definition 2. A function / : A C A supposed to be co-ordinated s — {a,m)- 

convex function on A in first sense or f belonging to the class , if\/ x, y, z,w € 

A A A, /r G [0,1], the coming inequality agrees: 

f{\x+{l-\)z,yy+{l-p)w)<X^^^^p‘^-^ff{x,y)+m2X^^^^{l-p^^^^)f{x,—\ 

\ rn2j 

+miM“^^^(l-A“i^i)/ ( — ,y) +mim 2 (l-A“i* 0 (l-/i“^*^)/ ( —, —) 
\mi J \mi 1712/ 
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If the partially defined mappings fx{x,v) and fy{u^y) are s — {a,m) convex for some 
si,S 2 G (0,1] and (ai, toi), (a 2 , m 2 ) G [0,1]^. 

Definition 3. A function / : A C /i supposed to be co-ordinated s — (a,m)- 

convex function on A in first sense or f belonging to the class iG)))’ 2 (A), i/V x, y, z,w G 
A A js a [0,1], the coming inequality agrees: 

f{Xx + (l-\)z,p,y + il-p)w) < — ) 

V "12/ 

+ mi/x“^®2(l-A“i)®V f—+mim2(l-A“i)'*^(l - 

\mi ) Vmi m^J 

If the partially defined mappings fx{x,v) and fy{u,y) are s — (a,m) convex for some 
si,S 2 G (0,1] and (ai, mi), (a 2 , m 2 ) G [0,1]^. 


Theorem 3. Let a function / : A C ^ R^ fee a partially differentiable on A := 


[a, 6] X [c, d\ in R^ with a < b A c < d. If 


d^f 

dtds 


belonging to the class K^\{A) and 


dXdfj, 


G L{A), induces the following inequality agrees: 


f{a, c) + /(a, d) + f{b, c) + f{b, d) 


+ 


1 


pb pd 

/ / f{x,y)dydx - A 

J a J c 


< 


(6 — a) [d — c) 


BC 


d^f 


--CHm2 


dXdy 


(a,c) 


(6 — a)(d — c) 


mi 


a, ■ 


dXdp, \ m2 


9Ai9/z \mi ’ 
d^f 


mi m 2 


b d 


dXdy ymi m2 


(2.4) 


where 


B = 


1 


1 


+ 


2“i®i (aiSi + 1) 2“!'’! (aiSi + 2) aiSi + 2 aiSi + 1 


and 


C = 


+ 


2^282(^0,232 + 1) 2“282 (02S2 + 2) Q!2S2 + 2 a2S2 + 1 

Proof Taking numerical value of eauation ll.2l implies 


/(a, c) + /(a, d) + f{b, c) + f{b, d) 


+ 71- f f{x,y)dydx-A 

[b-a){d-c) 


< 


(b — dfd—c) 


4 

fi i-i 


.//|(l-2A)||(l-2/r)| 


52 / 


c)Ai9^ 


(Aa+(1 —A)fe, /ic+(l —/i)(i) 


dArfp (2.5) 
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£ 

Since is s — (a, m) co-ordinated convex on A, then we have 


' / 1(1 - 2A)||(1 - 2/r)| (Aa+(1 - A)b,/j.c+(l - fx)d) dtds 

0 Jo OAOH 


-II 1(1 - 

w"-(i -.™) I I 

, 2 . 6 ) 


Now consider the integral 


|(l-2/r)| |(1-2A)| 


^ (a, c) I + •■(! - P»«) I ^ 


OAOfi \mi J OAOfi \mi 1712 / j 

+/_■ 1(1 -2A)| {a-..-- |^(a,c)| +„,A«.-.(l-l.-»)|^(a,^) 

aXofi \mi J pAa/i \mi J 

Applying simple integration rules and simplifying, we have 






2aisi(o^i^i 1) (aisi + 2) ai5i+2 aisi + 1/ 

aXofi \mi J 0 X 0 fx \mi m 2 


2 2“i«i(aisi-hl) 2“i«i(aisi-h2) Q;iSi-h2 aiSi + l 


dfi (2.8) 


Now further, we have 


- ^'‘>1 <' - IS (“• ;^)|} 

"“i*”" S (i’') h’"'”'" IS |} G^®)] 


+/; 1 ( 2 . - 1)1 [{.-»|^(«,<=)|+ 1.1 (1 -1-““) 1^ («■ ^)|} m 


d^f ( b 

dXdd- VTOi’ 


ttS -,c 4-mim2 ttS -,— Mo“'® dfj,(2.9) 


S(“-- 

aXoix \ m 2 

^(±±\ \ A. 

dXdd-\mi m 2 ) j V2 
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After doing simple integration and appointing 

1 12 1 
Q — _I_ 

2^282(0,252 + 1) 2“282 (02S2 + 2 ) Q!2S2 + 2 Q! 2 S 2 + 1 

we have (I2.4l i. Which fills out the proof. □ 

Remark 1. By adjusting Si = S 2 = 1 tind (ai, mi) = ( 012 , m 2 ) = (1,1) inequality (12.41) 
cuts down to ||7] Theorem 2]. 


Theorem 4. Let a function / : A C —>■ a partially differentiable on A := 


[a, b\ X [c, d\ in with a < b A c < d. If 


AlL 

dtds 


q 

, for q > 1 belonging to the class 


k: 


24 (A) and ^ 


G L(A), then the following inequality agrees: 


f{a, c) + /(a, d) + f{b, c) + f{b, d) 


+ 


1 


/*& pd 

/ / f{x,y)dydx - A 

J a J c 


{b — a) {d — c) 


< 


ib — a){d — c) 


4(p + l)p (aisi + l)(a2S2 + 1) - 

52 / / 6 


d^f 


dXdp. 


{a,c) 


+ m2a2S2 




dXdp, \ m2 


+miaiSi 


dXdp, \mi 


-,c 


q 

d^f f b d\ 

q- 

+ mim 20 iia 2 SiS 2 

dXdp, \mi ’ m2 J 



( 2 . 10 ) 


where p and q are conjugate numbers. 


Proof Applying Holder Inequality on (12.51) . we have 

f{a,c) + f{a,d) + f{b,c) + f{b,d) 1 


pb pd 

/ / f{x,y)dydx-A 

J a J c 


< 


{b — a){d — c) 


{b — a){d — c) 

r-l cl 


\{1 - 2X){1 - 2y)\PdXdp 


'0 Jo 


0 Jo 


d^f 


dXdpL 


(Aa+(1 — A)5, pc+(l — p)d) 


dXdp. (2.11) 


Here, 


[ [ \{l-2X){l-2y)\PdXdp= [ [ \{l-2X)\P\{l-2p)\PdXdy 
Jo Jo Jo Jo 


'{l-2X)PdX+ {2X-l)PdX 


{l — 2y,)Pdp,+ / {2p,— l)Pdp, 


{P + 1)^ 


( 2 . 12 ) 
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Since 




dtds 


is s — (a, m) co-ordinated convex on A, and so (12.1 11 1 becomes 


1 /*! ^2 r 9 /*! /•! 

-^{Xa+{1-X)h,nc+{1-^i)d) dXd^l = / / 


0 Jo 


dXd^i 


d^f ( d 

dXdfi V 


m2 


-bmim2(l - 


Jo Jo L 

d^f 


d^f , / 

■(a,c) 


dXdfj, 


d^f 


dXdfj, \mi 

b d 


1 


(aisi -I- 1 )(q;2S2 + 1) 

+miaiSi 


dy 


dXdfj, 

d^f 


(a,c) 


m2Qf2S2 


dXdfj, \mi m2 

aA^V 


dXdfi 


,c 


dXdfj, \mi 
( 12.12b and (12.13b together implies ( 12.10b . 


-I- mim2aia2SiS2 


m2 

f b d 


dXdfj, \mi 1712 


1(2.13) 

□ 


Remark 2. By adjusting si = S 2 = 1 (ai,mi) = {a 2 ,m 2 ) = (1)1) inequality 
(12.10b cuts down to Q Theorem 3]. 


Theorem 5. Let a function / : A C ^ he a partially differentiable on A := 


[a, 6] X [c, d] in with a < b A c < d. If 




Q 

> for 9 > 1 belonging to the class 


k: 


u(A) Si 


S L(A), then the following inequality agrees: 


f{a, c) + /(g, d) + /(6, c) + f{b, d) 
4 


1 


(6 — a) {d — c) 


pb pd 

/ / f{x,y)dydx-A 

J a J c 


< 


{b — a){d — 



d^f 

dXdp 


(a,c) 


9 

+ mi 


— cl 


+(l_e)(l_C) 




mim2 


d^f m 

dXdp. \mi ’ m2 / 


I (2.14) 


wherep and q are conjugate numbers and B and C comes from Theorem]^ 


Proof. Applying power mean Inequality for double integral on (12.5b . we have 

f{a,c) + f{a,d) + f{b,c) + f{b,d) , 1 


b pd 


{b — a){d — c) 


fix,y)dydx-A 


< 


{b — a) {d — c) 


4 

1 rt 


a t N ^ ■ 

1(1 - 2A)(1 - 2p)\dXdpL 


|(l-2A)(l-2p)| 


0 Jo 


d^f 


dXdp 


(Aa+(1 —A)h, pLC+{l — p)d) 


dMp. (2.15) 
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Here, 


[ [ 1(1-2A)(1-2/r)|dAd^ = [ [ |(1 - 2A)||(1 - 2^)|dAd/r 
Jo Jo Jo Jo 


(l-2A)dA+ / (2A-l)dA 


(1 —2/r)(i/i+ / (2^—l)d/i 


(2.16) 


Since 


d^f 


dtds 


is s — (a, to) co-ordinated convex on A, and so (12.151 1 becomes 

52 / 


/ / 1(1-2A)||(1-2^)1 
Jo Jo 


dXd^j. 

r r 1(1-2A)ii(i-2^)1 

Jo Jo 


(Aa-|-(1 — X)b, fj,c+{l — ii)d) 
d^f 


A“1S1^“2S2 


(a,c) 




d^f f 


dXdfi V 


TO2 


dXdfj, 
-bTO:/r“="^(l-A“i"^) 


dXd^ 


d^f 


-bTOiTO2(l-A“^"l)(l-Ai“"®^) 


dXd^ \TOi 

d^f ( b d ^ 


,c 


further, we have 


I(1-2m)I 


|(1-2A)| 


d^f 


dXd^ 


{a,c) 


dXd^ \TOi ’ to2 


-fTO2A“^'*l(l-Ai“"®") 


dAd/r. (2.17) 


d^f ( d 


TO2 


^X^^Ji V 




92 / 


+|j(1-2A)||a“^«^M' 


dXdfj, \TOi ’ 
d^f 


-fTOiTO2(l-A“i"i)(l-/r“=®=) 


d^f f b d 


dXdfi \TOi ’to2 


dA 


(a,c) 


-fTO2A“i"i(l-^“=®") 




dXdfj, 

-f TO 1 TO 2 (1 - A“i"i) (1 - 




aAa/r \toi’ 

Applying simple integration rules and simplifying, we have 


dXdfj, \ ’ TO2 
a^/ /6 d^ ^ 


aAa/j, \toi’to2^ 


dA 


d/«2.18) 


|(l-2p)| 


M 


av 


dXd^i 

1 


(a,c) 


+ TO2(l-/r“^"^) 
1 


av 


aAa/r \ to2 

2 


1 


2“i'’i(q;iSi + 1 ) 2“i'*i(q;iSi + 2) aiSi+2 aisi + 1 


-f < TOi/r 


av 


aAap \TOi ’ 

1 


+ TO 1 TO 2 (1 — 

1 2 


d^f f b d 


dXd^ VTOi ’ TO2 , 

dp (2.19) 


1 


2 2“isi(aisi + l) 2“i«i(aiSi+2) aiSi + 2 aisi + lj 
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Now further, we have 


1(1-2m) I 


d^f 


dXdfi 


{a,c) 


rriifi 

1 


d^f 


dXdfj, \mi 


+ 1712(1- 

ay 


a^f 


+mim2 


axa^ 

b d 


|(2m-1)| 


a^f 


(a,c) 


mill 


a^f / b ^" 


axdii 

1 

+77117712 


+ TO2(1 -m“^'") 


aXdn \77ll’ 777.2 

a^f 


m2 

Q 




aXdn \rni 

Where B is already dehned in Theorem|3]as 
6= ^ ^ 


axaii 

a^f f b d"' 


axafi \mi m2 


+ 


m2 


5-® 


(77) 

d/j, 

(B) 

dii(2.20) 


1 


2“i®i (aiSi + 1) 2“i®i (ofiSi + 2) aisi + 2 aisi + 1 

After executing simple integration on (I2.201 i and appointing 

1 12 1 


C = 


+ 


2«2S2 (a2S2 + 1) 2“2772 (a2S2 + 2) a2S2 + 2 a2S2 + 1 

we have (12,141 1. Which hlls out the proof. 


□ 


Remark 3. By adjusting si = S 2 = 1 and (ai, 777i) = ( 0 ) 2 , 7712 ) = (1,1), (12.1411 cuts 
down to ITTI Theorem 4]. 
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